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1 PURPOSE OF DOCUMENT
The purpose of this document is to define the exact method of calculation of SPAN Risk Arrays at the London Clearing House Limited.

2 GLOSSARY OF TERMS 

	Combined Contract
	A set of related instruments that will be combined for margin calculation, e.g. Copper Dollar forwards and options and Copper Sterling forwards and options.  Also referred to as a “portfolio”.



	Contract
	An instrument type, 

e.g. Aluminium 
Dollar High Grade.



	Contract Series
	A tradeable instrument, 

e.g. Copper 
Dollar Jun 10 Put Strike at 8850, 

or   Copper 
Dollar Jun 10 Forward.



	Contract Type
	Specifies whether Contracts are forwards, puts or calls.



	Implied Volatility
	The volatility that would be required in the option pricing model to arrive at its then current premium.



	Margin Currency
	For certain combined contracts the currency in which initial margin is defined e.g. USD when the contract is quoted in another currency.



	Portfolio
	A range of contracts based on the same underlying e.g. forwards, standard and non-standard calls and puts on a metal.



	Scanning Range
	A parameter defining the maximum movement up and down which the underlying forward price can make in a given time period.  The scanning range is set in the margin currency i.e. US Dollars and is then converted via currency exchange rates into scanning ranges for other currencies.



	Total Loss
	The sum of value losses by scenario for a contract.  Contract total losses are converted as appropriate to the margin currency and summed for the combined contract from which the worst case total loss is selected as the scanning risk.



	Value Loss
	The change in price from last night’s closing price contained in risk arrays in ticks; the value loss in ticks is multiplied by the net position tick value and lot size to give the value loss in currency units. 




	Volatility
	For an option, this is a measure of the variability in the market price of the underlying asset.



	Volatility Range
	A parameter defining the maximum movement up and down of implied volatility, used in determining risk array scenarios.  Volatility ranges are set for a combined contract for separate prompt dates and may be have independent up and down shifts.




CALCULATION OF RISK ARRAYS
One Risk Array is generated for each Contract Series, which is currently tradeable.

2.1 Array Structure

Options Arrays contain 16 scenarios:

	Line
	Scenario

	1
	Forward price unchanged, volatility up

	2
	Forward price unchanged, volatility down

	3
	Forward price up 1/3, volatility up

	4
	Forward price up 1/3, volatility down

	5
	Forward price down 1/3, volatility up

	6
	Forward price down 1/3, volatility down

	7
	Forward price up 2/3, volatility up

	8
	Forward price up 2/3, volatility down

	9
	Forward price down 2/3, volatility up

	10
	Forward price down 2/3, volatility down

	11
	Forward price up 3/3, volatility up

	12
	Forward price up 3/3, volatility down

	13
	Forward price down 3/3, volatility up

	14
	Forward price down 3/3, volatility down

	15
	Forward price up extreme, volatility unchanged (cover % of risk) 

	16
	Forward price down extreme, volatility unchanged (cover % of risk)

	
	

	
	Plus a Composite Delta at the beginning of the Risk Array.


Forward Arrays contain 9 unique scenarios.  As there is no volatility component to Forward arrays, scenarios 1-14 are arranged in pairs to provide uniformity of format with Options arrays.

	Note for scenarios 15 and 16:  "extreme" and "cover % of risk" are configurable per contract (e.g. 6/3 implies the use of a double scanning range; the value losses are only 35% of the values calculated so that the extreme scenarios do not invariably dominate all other scenarios)


2.2 Overview of Array Calculation

2.2.1 For Options

An implied volatility is provided for each contract series.

Each element in the risk array is then generated by applying a volatility, an underlying forward closing price, and a time to expiry, applicable to the scenario represented by that element, to calculate the option scenario price.  The difference between the scenario price and the day's option closing price, expressed in ticks, is the value loss for that element.

2.2.2 For Forwards

Each element in the risk array is generated by calculating the difference between the scenario price and the forward closing price, expressed in ticks; this is then multiplied by the appropriate discount factor; this is the value loss in ticks for that element.

2.2.3 Rounding

Unless explicitly stated, all values are held unrounded.

2.2.4 Risk Array Elements

All risk array elements are held in whole numbers of ticks.

2.3 Risk Array Scenarios

Each element in the risk array represents a different scenario of combinations of volatility, changes in the underlying price and changes to the time to expiry.  These and other option modelling variables are defined in the section on options models.

2.3.1 Modification of Underlying Contract Series Price

U' = U +/- (SM * SR)

where all prices are expressed in whole numbers of ticks.  Thus

SR
is the scanning range for the contract series (set for the combined 
contract

SM
is the scenario price modifier i.e. zero, +/- 1/3, +/- 2/3, +/- 3/3, +/- 6/3 and held to the full number of decimal places

U
is the closing price of the underlying forward contract

U'
is the underlying price used in the option pricing formulae for this scenario.  U' is rounded to a whole number of ticks.

2.3.2 Modification of Time to Expiry

SPAN recalculates option prices by reducing the time to expiry by a defined number of days (i.e. defined as an LCH.Clearnet Ltd (LCH) parameter).  Thus if for example the parameter for reducing the expiration days of the option is set to 1, the time to expiry used for Risk Array calculations is from the next day the exchange is open (e.g. tomorrow) until the expiry date of the option series, divided by 365 (or366), rounded to 5 decimal places.  If the close of business is on Friday then the expiration days are reduced by 3, or 4 if the following Monday is a Bank Holiday etc.

	Note: In the example above, if the next business day is the expiry date, then the reduced time to expiry is set to equal 0.00001 to avoid dividing by zero.  On the expiry date itself the margin would be based on the relevant forward contract for options, which have been exercised or assigned.


2.3.3 Modification of Volatility

Volatility is modified according to the scenario by the volatility ranges applicable to the particular prompt date. 

For the Copper A Grade contract in its different currencies i.e. CAD, CAS, CAY and CAE, the volatility range might be +/- 15% for a one prompt date and +/- 10% for a different prompt date.  The system will have the capacity to adjust the upshift at a different value to the downshift i.e. +10% and -15% for a given prompt date.

E.g.
Volatility for Copper options on 3 month futures is 14%.



Volatility range is +/- 15%.



The volatility used will be:



14% * 1.15 = 16.1%
for "volatility up"



14% * 0.85 = 11.9%
for "volatility down"



14% 


= 14%
where volatility is unchanged (scenarios 15,16).

The adjusted volatilities are held to the full number of decimal places as they are values used in calculations and are not reported.

2.3.4 Recalculation of Option’s Price

For options, these modified figures are used in the appropriate option pricing formulae to give the scenario's recalculated price defined as P'.

2.3.5 Forward’s Price

For forwards the scenario’s price remains as U' as no options formula is used 

i.e. P' = U'.

TAPOS Risk Array Scenarios

These are calculated in the identical way to standard Traded Options except that the scanning range is modified and the closing price of the underlying forward is an average price and is defined by the expressions for pricing TAPOS detailed below.  

	Note: The section on the TAPO pricing model should be referred to for a complete definition of the notation.


Thus
U is defined by E[A]  i.e. the average underlying price for the TAPO contract

and SR is modified to
SR *  (n-m) / n

The scanning range for the contract series will be set by LCH and the LME for the combined contract e.g. the combined contract for copper will include forwards, standard copper options and copper TAPOS.

2.4 Calculating the Risk Array Elements

The Risk Array Element is calculated as follows:

{P - P'} * DF

where.....

P
is the closing price for the future or the option as appropriate for the risk array

P' 
is the price calculated for the scenario (as per Section 2.4).

DF
is the appropriate discount factor defined by LCH and the exchange.  Discount factors will be calculated for each prompt date in relation to the current business date and will be applied to forward contracts' risk arrays for each prompt date.  The value of DF will be set to 1 for options, as options' Risk Arrays will not be discounted.   

Elements 15 and 16 represent an extreme change in underlying price e.g. the scenario modifier SM is typically set to 2, so that a double scanning range is employed here; volatility is not modified.  Only a percentage of the risk is covered for these scenarios.  The risk array element is therefore calculated as follows for elements 15 and 16 (only):

(P - P') * Loss Covered * DF

where.....

Loss Covered
is the proportion of the risk to be covered.  It is a decimal number (e.g. 0.35).

2.4.1 Sign Convention

Value losses in a scenario are denoted by positive numbers, and gains as negative.

2.5 Calculating Composite Delta

2.5.1 Options

There is one composite delta attached to each array.

For options it is calculated as:

The sum of (( * W * DF) for the elements in the contract series' array

where.....

(
is the call delta if the contract series is a call, or the put delta if the contract series is a put.

Notes

· All 16 scenario’s deltas are used to capture forwards price modification with the implied volatility not adjusted up or down; the extreme scenarios 15 and 16 are not used in composite delta calculation i.e. their weights are set to zero.  Examples of the weight factors (W), which are supplied in parameter files for model generation, are given below.

· W is a weight factor for the delta based on the probability of the underlying price moving up or down by the scenario modifier values (i.e. +/- 1/3, 2/3, 3/3).  These weights and scenarios are supplied as a constant for the entire SPAN system as specified in Section 3.

· The time to expiry is reduced in the same way as normal value loss calculation.

· The discount factor DF is set to 1 for options, as stated above.

· The composite delta is always rounded to 4 decimal places.

· If the absolute composite delta is greater than 1 (due to rounding limitations), then it is rounded to -1 or 1 as appropriate.

· The delta is negative for put deltas.

2.5.2 Forwards

For forwards the composite delta is always +1 * DF for the relevant prompt date.  The resulting composite delta field is rounded to 4 decimal places.

Delta Weights
Examples of weights are:

	Scenario

	1 
	Forward price unchanged
	0.16667362

	2 
	Forward price unchanged
	0.16667362

	3 
	Forward price up 1/3
	0.11777963

	4 
	Forward price up 1/3
	0.11777963

	5 
	Forward price down 1/3
	0.11777963

	6 
	Forward price down 1/3
	0.11777963

	7 
	Forward price up 2/3
	0.04156044

	8 
	Forward price up 2/3
	0.04156044

	9 
	Forward price down 2/3
	0.04156044

	10 
	Forward price down 2/3
	0.04156044

	11 
	Forward price up 3/3
	0.00732313

	12 
	Forward price up 3/3
	0.00732313

	13 
	Forward price down 3/3
	0.00732313

	14 
	Forward price down 3/3
	0.00732313

	15 
	Forward price up extreme
	0

	16 
	Forward price down extreme
	0


Expiry Group Derivation Methods

SPAN parameter files contain the expiry groups, which are set according to an LCH parameter.  There are four such derivation methods for the expiry group fields.

In margin calculations position delta relating to a prompt date is used for the interprompt spread charge and prompt date charges.  TAPO’s are not options upon a single forward contract with a specific prompt date, but are options on an average forward price.  TAPOS position delta relating to a particular expiry date must be apportioned to designated dates in order to perform interprompt and prompt date charge calculations; these dates, called “expiry groups”, are supplied in Record Type 50.

2.5.3 Expiry Group Derivation Method 1

This defines a single expiry group for a given TAPO expiry, to equal the 3rd Wednesday prompt date which falls within the TAPO expiry month, except when the current close of business falls within a TAPO expiry month.  In this case expiry groups are designated as available prompt dates within the remainder of the TAPO expiry month, according to Method 3 below.

2.5.4 Expiry Group Derivation Method 2

Expiry groups are derived as for Method 1 to equal the 3rd Wednesday prompt date which falls within the TAPO expiry month, except when the TAPO expiry month falls totally within three calendar months less 2 business days of the current date.  When the TAPO month is within this period, the expiry groups are designated as prompt dates within the TAPO expiry month, according to Method 3 below.

2.5.5 Expiry Group Derivation Method 3

Expiry groups are derived to equal LME prompt dates within a given TAPO expiry month.  For the purposes of identifying prompt dates, the period of time utilised will encompass prompt dates starting 2 business days from the first fixing day in the TAPO expiry month and ending 2 business days after the last fixing day in the TAPO expiry month.  

If the current close of business is part of the way through a TAPO expiry month, the period of time utilised will encompass prompt dates starting 2 business days from the close of business date and ending 2 business days after the last fixing day in the TAPO expiry month.  

2.5.6 Expiry Group Derivation Method 4

Expiry groups are designated as business dates, rather than prompt dates, within the TAPO expiry month.  For the purposes of identifying business dates, the period of time utilised will encompass business dates starting 2 business days from the first fixing day in the TAPO expiry month and ending 2 business days after the last fixing day in the TAPO expiry month.

If the current close of business is part of the way through the TAPO expiry month, the period of time utilised will encompass business dates starting 2 business days from the close of business date and ending 2 business days after the last fixing day in the TAPO expiry month.  

CALCULATION OF THEORETICAL OPTIONS PRICES

Different pricing formulae will be used for different types of option.  For the options currently traded on the LME where premium is paid "up front", the appropriate model is a modified Black 1976 contract version as described below.

Other kinds of option would require different models.  These will be defined if and when appropriate.  The calculation of Risk Arrays will require the use of the appropriate model as specified by Risk Array parameters.

	Note that all calculations will be performed to the full number of decimal places except where rounding rules are explicitly stated.


2.6 Modified Black Option Pricing Formula

The Black’76 Option Pricing model for LME standard Traded Options on forward contracts is modified by an additional two-week discount factor as these options expire two weeks before the prompt date of the forward contract into which the option delivers.  The final delivery of the forward contract, or any profit locked in by “closing it”, will not occur until the prompt date.  Hence the two-week discount term (e-2r/52) is used to modify all options prices and deltas calculated from the Black model.

2.7 Pricing Calls

C 

= e-rt * e-2r/52 * {F * N(d1) - K * N(d2)}

or maximum(F - K, 0) when option has expired

d1
is calculated as:    

d1 
=  {ln(F/K) + (0.5 *(2 * t} / {( * (t} 

d2
is calculated as:

d2 
= d1 - {( * (t}.

N(d)
is the cumulative normal integral (d refers to d1 or d2), approximated as:

1 - Z(d) * (b1* y + b2* y2 + b3* y3 + b4* y4 + b5* y5)

where.....

Z(d) 
= exp(-0.5 * d2) / ((2 * ()

y 

= 1/(1+0.2316419*d)

( 

= 3.14159265

b1 
= 0.319381530

b2 = -0.356563782

b3 = 1.781477937

b4 = -1.821255978

b5 = 1.330274429

	Note:  If d < 0 then use N(d) = 1.0 - N(absolute d).


Thus the calculation of N(d) may be usefully performed by only employing the absolute value of d in calculations.  Then N(d) is as above if d >= 0.  If however d is negative then N(d) is equal to 


Z(d) * (b1* y + b2* y2 + b3* y3 + b4* y4 + b5* y5)

C 

is rounded to the nearest tick.

The symbols used are defined as follows:

C
is the option call price

P
is the option put price

F
is the forward price

K
is the strike price

r
is the continuously compounded annualised interest rate appropriate to the option series rounded to 6 decimal places.

t
is time to expiry for the option in years, calculated as the number of calendar days remaining to expiry divided by the days in the year, counted from current close of business e.g. 365 or 366.  Rounding is to 5 decimal places.

(
is the volatility rounded to 5 decimal places.
e
is the mathematical constant, used to a minimum of 8 decimal places.
2.7.1 Note on Continuously Compounded Interest Rates

Interest rates used in calculating Risk Arrays for LME options are based on a term structure of annualised rates supplied by the LME for each of the currencies in which LME prices are quoted (i.e. US Dollars, Sterling, Euros and Japanese Yen).  If we denote these by RATE and express them in decimal form i.e. 5% is expressed as 0.05, then the continuously compounded annualised rate is given by


r = ln(1 + RATE)
where ln denotes the Naperian logarithm i.e. to base e

e.g.
r = ln (1+ 0.05) = 0.048790 

Pricing Puts

Puts prices are calculated as:

P = e-rt * e-2r/52 * {F * [N(d1)-1] - K * [N(d2)-1]}

or maximum(K - F, 0) when option has expired

2.8 Deltas

The Call Delta is e-rt * e-2r/52 * N(d1), as calculated above and is always >=0 and <=1. 

The Put Delta is e-rt * e-2r/52 * [N(d1)-1], and is always <=0 and >= -1.  

PRICING TRADED AVERAGE PRICE OPTIONS (TAPOS)

2.9 Black Option Pricing Formula

TAPOS will be priced by using the Black Options Pricing formula for standard options in section 4 above except that the two-week adjustment factor will be omitted.  Hence the pricing formulas in the symbols applicable to TAPOS will be:

C 

= e-r * tau * {E[A] * N(d1) - K * N(d2)}

or maximum(E[A] - K, 0) when the option has expired

P 

= e-r * tau * {E[A] * [N(d1)-1] - K * [N(d2)-1]}

or maximum(K - E[A], 0) when the option has expired

for calls and puts respectively.  The formulas for d1 and d2 will be

d1  
=  [ln(E[A] / K) +  (0.5 * SIG2 * tau)] / (SIG * (tau) 

d2  
=  d1 - (SIG * (tau)

where E[A] replaces F, tau replaces t and SIG  replaces ( in the Black formula in section 4.  These terms will be defined below.

The calculation of N(d1) and N(d2) will be the same as for standard options.

TAPO Volatility

The volatility for TAPOS which is provided to LCH by the LME, requires modification before it can be input to the Black model.  The resultant volatility is referred to here as the TAPO volatility and is denoted as SIG.

2.9.1 Derivation of TAPO Volatility

We have


SIG
=
(( b / tau)


b
=
ln(E2 ) - 2 * ln(E1 )

and
E[A]
=
EM  +  Ak





m            



Ak
=
[1 / n]
* 
( Sk   





                     
k=1           




           
   
     
n                                     



EM
=
[1 /n]
* 
(   Fk





     
 
k=m+1
where

SIG
is volatility for TAPOS for input to the Black 76 model to 5 decimal places.

b
is the unscaled TAPO volatility (at an intermediate stage of the calculation)

tau
is time to expiry for TAPOS in years, calculated as the number of calendar days remaining to expiry divided by the days in the year, counted from current close of business e.g. 365 or 366.  Rounding is to 5 decimal places.

n
is the number of fixing dates appropriate to the option series and will equal the number of business dates in the option averaging period as detailed in the TAPO contract specifications

m
is an index of the last fixing and will equal the number of dates in the averaging period for which there have been settlement prices set ie when forwards become prompt

E[A]
is the average price ie sum of settlements and forward prices divided by the number of fixings n, rounded to 2 decimal places as for normal futures prices.

Ak
is the sum of known settlement prices divided by the number of fixings n

EM
is the sum of forwards prices divided by the number of fixings n

Fk
is a forward price on each day k within the averaging period.  The forward prices will be for prompt dates which are k +2 business days e.g. a fixing date of 2nd January will use a forward price for the prompt date 4th January assuming no intervening weekends, which are excluded.  Holidays i.e. dates which will not have settlement prices, are similarly excluded.  Where there are as yet no prompt dates for these days, prices are supplied by LCH and the LME by linear interpolation between existing prompt dates, or extrapolation from the last available prompt date.

 aF
is the average of the forward prices.

Sk
is the settlement price for each day k within the averaging period which has been reached i.e. if the averaging period is January and the current close of business is 4th January, fixing dates for 2nd, 3rd, and 4th of January will have used settlement prices instead of forward prices (assuming no intervening weekend) and these prices will remain fixed.

	dtn
	· 
	When m = 0 i.e. outside fixing period, dt is the time to the next fixing i.e. the current close of business to the next fixing date as a fraction in years.  Assume calendar day calculations.

	
	· 
	When m>0 i.e. during the fixing period, dtn is set to equal tau/(n-m)



	dt
	· 
	When m=0 i.e. outside the fixing period, dt is the time between subsequent fixes i.e. from the next fixing date to the expiry date as a fraction in years, divided by (n - 1).  Assume calendar day calculations.

	
	· 
	When m>0 i.e. during the fixing period, dt is also set to equal tau/(n-m).  When n-m=1, see formula below for E4.




E1 and E2 are defined by separate formulas below:

E1

=
[ aF * (n-m) / n ]   +  Ak


E2


=
E3 E4  +  E5 
where

E3


=
( aF / n )2 * exp((2 * dtn ) 

E4


=
1
when

n-m=1

otherwise

[1 + exp((2 * dt)] * [exp{(n-m) * (2 * dt} - 1]  +  [2 * (n-m) * {1 - exp((2 * dt)}] 

_________________________________________________________________



[ exp((2 * dt) - 1]2  
and

E5


=

[ 2 * Ak *  aF * (n-m) / n ]   +   [ Ak ]2  
   
                                           



n
in which
aF
=

[1 / (n-m)]   *
(   Fk  




                 

         
 
k=m+1
Note that in the period before fixing the expression for b may be written as 

b


=
(2 dtn  -  2 ln n  +  ln E4
as terms containing aF will cancel and Ak is in any case zero.  Thus the scaled volatility b does not depend here on the forward prices in the period before fixing.

2.10 Deltas

The TAPO call delta is e-r*tau  *  N(d1)  *  (n-m) / n  and 0 =< ( =< 1 

The TAPO put delta is e-r*tau  *  [ N(d1) - 1]  *  (n-m) / n  and -1 =< ( =< 0
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